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The structure of the two-point QCD Green-functions is studied in this note in the limit of large 
number of colours. Their general form at next-to- leading order in 1/Nc is derived keeping the infinite 
resonance summation and without relying on a particular realization of the hadronic action. It is 
found that the contributions from chiral operators without resonance fields of order p'* or higher are 
irrelevant for the computation of the correlators and, hence, they can be dropped at the beginning 
of the calculation. The possibility of a more general cancelation of these local terms at the level of 
the generating functional is discussed. 



PACS numbers: 11.15.Pg, 12.39.Fc, 11.55.Bq 

A large— A^c hadronic field theory 

Quantum Chromodynamics (QCE)) is greatly simpli- 
fied in 't Hooft's large- A^c limit 0,13, S]- Quark loops and 
non-planar topologies become suppressed and the theory 
can be then expressed in terms of tree-level hadron ex- 
changes. In order to produce the perturbative QCD log- 
arithms at deep euclidian momenta, an infinite number 
of narrow-width states is needed. 

Meson loops are absent at large-A''c and the ampli- 
tudes are analytic but for the real poles related to the 
narrow-width intermediate states. It is then possible to 
write down a lagrangian containing an infinite set of 
hadronic fields $fc of mass Mk that do not interact each 
other when Nc — > oo. In this note, we focus our at- 
tention on the meson sector, containing the Goldstone 
modes from the spontaneous chiral symmetry breaking 
and the mesonic resonances. The main assumption in the 

(n) 

present work is that the vertex functions T)^,^ can be 
described at the leading order in 1/Nc (LO) by a finite 
number of hadronic operators. These must follow the ex- 
pected scaling ^ Q, although the Nc dependence 
may not appear explicitly but hidden in the couplings 
^$i...$„ q£ corresponding operators. 

As result of such resonance lagrangian, loops arise at 
subleading orders. The iVc-scaling of the operators in 
the LO action Sq'^ [^k , J] converts its loop expansion [4;] 
into an expansion in powers of 1/Nc- The one-loop am- 
plitudes contain ultraviolet (UV) divergences and next- 
to-leading order (NLO) counter-terms can be required to 
fulfill the renormalization. 

This work studies the two-point correlators 
{T{qTq(x) qTq{0)}) or combinations of them, where 
qTq refers to some vector or axial-vector current, or to 
scalar or pseudo-scalar densities. These Green-functions 
are provided by the corresponding scalar functions 
n(s) and their short-distance behaviour can be derived 
through the operator product expansion (OPE) 
The aim of this article is to show the structure of UV 



divergences and counter-terms of n(s) at NLO in 1/Nc- 
In order to avoid any model dependence, the infinite 
tower of states is kept all along the paper. Likewise, no 
explicit realization of the lagrangian is assumed, just the 
existence of such hadronic action. 

Phenomenological large- A'c analyses have found that 
some 0{p'^) chiral operators without resonance fields are 
absent from the hadronic lagrangian both at LO and at 
NLO in 1/Nc 0- We will often refer along the paper 
to the chiral order ©(p™) of the operators in the way 
of the chiral counting, with denoting the number or 
derivatives or external auxiliary fields v^,a^,s,p 0, [I]- 
This note proves that even if the presence of these chiral 
operators is needed to renormalize some vertex functions, 
they turn out to be irrelevant for the calculation of n(s) 
and do not have physical content [9] . The correlators are 
shown to be fully described in terms of the couplings in 
the LO action. A change in as would modify the hadronic 
parameters but n(s) would be still determined by the op- 
erators in J]; new operators could arise at NLO 
but the correlator can be completely recovered even if we 
ignore the value of these new couplings. 

The functions n(s) are analytical in the variable s out 
of the positive real s-axis and they accept general com- 
plex variable techniques [l^, U , ■ Based on the 
asymptotic behaviour at |s| — > oo, prescribed by the 
OPE, one can write m-subtracted dispersion relations 
for m > n, where n denotes the minimal number of sub- 
tractions required for n(s). Other quantities with these 
properties are the two-meson form factors that vanish at 
short distances and accept unsubtracted dispersion rela- 
tions 14, 15, iBl- Nevertheless, they bring further com- 



plications on other aspects and they will not be discussed 
here. 



Moments and n— subtracted relations 



For the Green- function analysis, we define a set of mo- 
ments y^^^ (s), which can be related to the spectral func- 
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tion for m > n 13l 



moment, 



^ ' J -lmn(i) . 
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The moments with m < n can be derived through the 
recursive relation 
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In order to fix n(s) = A^\s) one needs to provide the 

value of n subtraction constants, {-4^"' (so)}J^1j'o some 
energy sq. 

In some cases, the OPE may prescribe n(s) ''^4" q 
but the unsubtracted dispersive relation leads to an in- 
finite resonance summation n(s) ~ n$fc(s) that is 
badly defined IT], |l8|. For instance, the unsubtracted 
dispersion relation for the SS+PP correlator is not con- 
vergent. Hence, the infinite resonance summation in 
n(s)sg_pp is not absolutely convergent [l7|. One needs 
to perform a number of subtractions n higher than what 
is expected just from OPE arguments. Once the infinite 
series has been summed up in A^^ (s) , one can use Eq. 
to recover the lower moments {-4,[]"''(s)}J^'Lq. The choice 
Sq — — oo gives A'^^\so) ~ for the two-point Green- 
functions that are chiral order-parameters and fixes 

n(s). 

The Green-functions that are not chiral order- 
parameters are more cumbersome. The subtraction 
constants can be obtained from the renormalized 
perturbative QCD correlator n(so) and its mo- 
ments .A^^' (so)'''^ at deep euclidian momentum 

—So S> Aqqj-,. Furthermore, ^[{''■'(sq) is a finite and pure 
QCD quantity for m > n that can be fully determined in 
the resonance theory. Its matching to perturbative QCD 
allows to recover as in terms of the hadronic parame- 
ters In the chiral limit, provided the value of the 
strong coupling constant and one renormalization condi- 



tion for n(so) (not fixed by QCD), the rest of mo- 
ments A'^\soy'^'^ turns out to be completely deter- 
mined. This demonstrates that all the QCD information 
of n(s) is actually contained in A^\s). Moreover, this 
moment, determined within the resonance 1/Nc frame- 
work, yields the evolution from sq in the perturbative 
QCD regime down to any energy. 

Before entering into the calculation of n(s), some more 
preliminary definitions are needed. Let us consider a gen- 
eral function f{t), analytical in the whole complex plane 
except for logarithmic branches and single and double 
poles at t = Ml ^. If f{t) accepts a n-subtracted disper- 
sive relation, one has the mathematical identity for its 
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with the coefficients 

Di = Yim Kc{{t^Miy fit)} , 



Zi = Jim , Re I - [(t - Ml y fit)] \ . (4) 



and the absorptive contribution 

dt (-,s)" Im/(t) 



a4")(s) = hm \- I 



it - 

_2^sr V (-S)" it - Ml ')' Imfit) \ 

(5) 

with 7^e = [0, +oo)-[j^iMl Ml ^ + e). The function 
AAf\s) only depends on Imfit) at t ^ Ml ^. 

For sake of clarity, the explicit derivation is shown for 
correlators obeying unsubtracted dispersion relations. In 
order to get the n-subtracted expressions, one should 
make the replacements, 
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Large— A^c amplitude 

In the large Nc limit, the absorptive part of n(t) is 
composed by a series delta functions. 



-lmn(i) = VZfe Sit -Mi), 



(7) 



with Zk and Mk being, respectively, the residues and 
the pole positions of the QCD amplitude at large-iVc. 
Using dispersive relations, one gets the form of the LO 
amplitude, 



n(-) = E 



Zk 



Mt 
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This amplitude can be described through the tree-level 
diagrams of a lagrangian with local operators containing 
the meson fields $/j of mass Mk Depending on the 
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realization of the hadronic lagrangian, the leading action 
may contain O(p^) resonance operators that give the res- 
onance exchange [20| . 



n(s). 



Mi - s 



(9) 



Mfc, Cj carry all the independent information. These EoM 
simplifications will be also crucial in the NLO analysis. 

Finally, matching the QFT and the dispersive expres- 
sion in Eq. ([8]), one gets 



Fi 
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Notice that if n(s) refers to the difference of two corre- 
lators, the summation may contain (—1) factors. 

There may also be some local contributions of the form 



n(s) 



loc 



(10) 



These operators are provided by chiral perturbation the- 
ory if we work within a chiral invariant framework Q 
Some terms only depend on the external fields, e.g., v 
and in the case of the ©(p**) operator HiOhi 
Nevertheless, there can be chiral invariant operators, like 
LioOlio C(p'')i that contain Goldstone fields in addi- 
tion to the contact terms with only external sources [1]. 
They are non-trivial and contribute to other processes 
Mn related to n(s) through chiral symmetry. 

One may also think of further resonance operators con- 
tributing at tree- level. At LO, the only bilinear operators 
are the canonical kinetic term, e.g., —$[.(9^ -I- M|)$fe for 
spin-0 particles. On the other hand, there can be reso- 
nance operators contributing to the qTq ^ vertices 
with a number of derivatives higher than 0{p^). A term 
like this would give the amplitude 



n(s)r 



Ml ~ s 



This can be always rewritten in the form 



n(s)rcs' = 



\{Ml} 



2V + 1 
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This can be better understood through the example of 
the vector correlator. If the spin-1 field are realized in 
the Proca formalism, there are no 0{p^) resonance oper- 
ators [i^l- The lowest order is ©(p^) and the correlator 
results 



Mt 



Co + CiS 



(14) 



It can be then recasted in the form of Eqs. 



nvv(^*) 



E4^+^o+4.s + 



Ml 



and (fTU)l . 

(15) 



with Cq = co—J2k fvk ^'^^ ^'j ^ "^J ^""^ '^'^^^ of cases. The 
dispersion relation sets = and the correlator becomes 
determined just in terms of My^. and Zk = fy^M^^, , that 
contain all the physical information of n(s): 



nvv(s) 



rMk 



(16) 



The infinite summation in the does not present a prob- 
lem. To regularize it, one can always construct a series 
of theories with a finite number of states containing the 
same couplings /y^ , My^. but with Cj chosen such that 
Cj — 0. In the limit when one includes the infinite tower 
of resonance, such theories recover the structure of the 
correlator in Eq. ^ prescribed by the dispersion rela- 
tions. 



Hence, these operators reproduce the same structures 
found before in Eqs. ^ and pH)) and do not con- 
tain further independent information. The equations of 
motion (EoM) provide a deeper understanding of this 
simplification. Every spin-0 resonance obeys a classi- 
cal EoM of the form d^<^>k = -M^$fc + x[J, tt] + 0($2), 
where xl-^j'"'] stands for operators containing only exter- 
nal sources and Goldstone fields 1^, 2^. The operators 
linear on $fe and contributing to qTq — > $fc can be fully 
transformed thanks to the EoM into operators without 
resonance fields and terms that do not contribute to n(s). 
The case of particles with spin different from zero is more 
complicate due to the appearance of Lorentz structures 
in the EoM. Nevertheless, the study of vector fields in 
the antisymmetric tensor formalism casts a similar re- 
sult 3, 21|. In any case, all that matters for this paper 
is that any tree-level contribution to n(s) at LO in l/Nc 
can be written in the form of Eqs. ^ and PU)) . where Fk, 



Amplitude at next-to-leading order in 1/Nc 

At NLO, a shift in the lagrangian parameters is re- 
quired in order to absorb the one-loop UV divergences. 
The renormalization of the 0{p^) resonance couplings, 



Ml 



Ml'- 



SMl,Fl 



n{sU - E 
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SFi 



SFl gives, 



Fl 



Ml' 



(Ml'-sY 
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Although the analysis of some phenomenological la- 
grangians have found that the corresponding local oper- 
ators CjOcj vanish from the action at NLO we will 
consider the more general case when Cj ^ and a non- 
zero contribution from n(s)ioc, given in Eq. ()10p . arises 
at NLO in 1/iVc- 

Higher ©(p™) operators linear in $fc can be removed at 
NLO in the same way as it was done at LO in Eqs. (fTT|) 
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and (|12p . In addition, one may have at NLO in \/Nc 
tree-level contributions to the resonance self-energies. A 
generic operator of this kind would yield the amplitude 



n(s). 



(18) 



where M| and ^ can be used indistinctly at NLO. 
This can be reexpressed as 



n(s),. 



[Ml 2 - sf 



Ml 2 - s 



(19) 

which reproduces the momentum structures in n(s)ics 
and n(s)ioc. Therefore, it does not provide any extra 
independent information to the correlator. Again, the 
study of the leading order action EoM gives a deeper un- 
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derstanding to this kind of simplifications [16 
Hence, any tree-level contribution to n(s) will be ex- 
pressed in the form of n(s)ioc and n(s)i.cs in Eqs. (fTU|) 
and p7)) . 

The two-point Green-functions are provided at the 
one-loop level by the one-particle irreducible topolo- 
gies (IPI) shown in Fig.(IT]). Hence, the perturbative 
expression of n(t) contains single an double poles at 
t = ^ . The one-loop amplitude is given by the one- 
and two-point Feynman integrals, respectively Ao(M^) 
and Bo(s,M^M'2) Any term proportional to 

Ao(Af^) is a rational functions of the form 
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The contribution from a given <i>i<i>2 absorptive cut is pro- 
vided by the i3o(s, -^^l^, -^la) Feynman integral through 
the term 

n(s)^^,,, = e$i*.(s) • ^$i*,(s)2 • Bo(s,M|^,M|J, 

(21) 

where lF^^^^{s) is the <i>i$2 form-factor at large- A^c and 
the kinematical factor ^$j^$2(s) is a known polynomial 
that depends on the channel under consideration [l5l.ll6l|. 
For instance, one has ^7r7r(s) = | for the vector correla- 
tor. The form-factor, and more exactly the combination 
^$i$2(i) J-'$i$2(i)^, provides the <i>i$2 contribution to the 
spectral function. Hence, if the correlator follows a n- 
subtracted dispersion relation, also does the expression 
in Eq. (|2ip . It can be then expressed through the master 
relation in Eq. ([3]), 



H(s) 



AH(s) 



E 

k 



{Ml 



r 2 



(22) 

where AH(s)^^^^ is determined by ImH(s)^^gj^ at 
t 7^ Ml ^ and it is therefore free of UV-divergences. 



FIG. 1: IPI contributions to the one-loop correlators. 



These are contained in the coefficients Z'^^'^^ , -D^^*^ , de- 
fined as in Eq. Notice that for sake of simplicity we 
have written down the expression for n(s). The transcrip- 
tion to higher moments through Eq. ([6]) is left to the 
reader. Putting the different one-loop diagrams together 
one gets the structure. 



H(s)i 



li 
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(23) 
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Since the only two-meson absorptive contribution to the 
correlator comes from the one-loop amplitudes, one can 
write AH(s) instead of ISIi{s)u- The summation of the 
Fj, Zk, Dfc from the different loop diagrams in n(s)^|j 
and n(s)^ ^ yields, respectively, the constants F 



^k ' 

. Whereas the derivation of the different terms in 



Eq. ([23|) is straight-forward in the case of a QFT with 
a finite number of states, its definition is more cumber- 
some in the infinite resonance limit. This discussion is 
relegated for the end of the section, after the main result 
is obtained. 

Summing up the one-loop amplitude H{s)u, the local 
terms H(s)ioc and the resonance exchanges H(s)resj one 
gets the correlator up to NLO: 

H(.) = An(.) -1-^ [c,-|-F«] 



with 
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Zk 
Dk 



Zk 



Ml 
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(24) 



(25) 



The coefficients Zk and Dk contain UV divergences from 
n(s)i£ that are canceled through the renormalizations 



^ -Zk 



Fl'SMi = D 



u 



^Zk, 
- ADk , 



(26) 



where the renormalization scheme for the couplings and 
masses is set by the finite constants AZk and ADk, 
respectively. For instance, one can choose the on-shell 
scheme AZk = ADk = 0. 

Since the correlator n(s) obeys a n-subtracted disper- 
sion relation (here shown unsubtracted for sake of clar- 
ity), one can apply the identity in Eq.Q: 



n{s)^An{s) + J2 



Dk 



Ml 



s {Ml'-s) 



(27) 
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The comparison to the QFT calculation in Eq. (I24p leads 
to the identities 



AZfe 



0. 



(28) 



Provided a renormalization scheme AZk, ADk, the 
renormalized couplings FJ^ are given by the residues of 
the QCD amplitude at NLO in I/Nq- The polynomial 
contribution vanishes identically and it is zero for any 
energy, being Cj and Fj^ irrelevant for the calculation of 

n(s) (or the moment j^^v^ (*) in the case of n-subtracted 
dispersion relations). The analysis of the 5* 5* — PP cor- 
relator in the single resonance approximation provides a 
practical example on the use of these techniques 15, 1^1 ■ 

However, the irrelevance of these local terms in other 
amplitudes Mn related to n(s) by chiral symmetry is not 
so trivial. In the case when Fj^ ~ 0, the parameters Cj 
become zero and the local operators Ocj disappear from 
the hadronic action. This situation has been found for 
some matrix elements within an approximation of large- 
Nc QCD, where only spin-0 states were included and 
S'g°[^'/c, J] contained operators with at most two deriva- 
tives 0. On the other hand, a non-zero value of Fj^ in- 
duces a coupling Cj ^ and the operators CjOc^ could, at 
first, add some analytical contribution to other chirally 
related amplitudes Mn- 

A last important detail is whether the summation of 
infinite diagrams is well defined (as it happens for a the- 
ory with a finite number of states). In order to regular- 
ize this limit, it is possible to follow a procedure simi- 
lar to that one employed at LO. One may consider the 
correlator n(s)P^''*- provided by the partial summation 
of a finite number of one-loop diagrams. For every par- 
tial sum one can always keep FJl and fixed and re- 
producing the residues Zk and pole positions of the full 
QCD amplitude, and with the Cj couplings chosen such 
that Cj ~ _pi^.part. ^j^g limit when one sums an infi- 
nite number of diagrams such theories lead to the Green- 
function prescribed by dispersion theory in Eq. (j27p . 



Structure of the generating functional 

To end with, a digression on the importance of the lo- 
cal terms in other amplitudes is presented. We examine 
the generating functional given in terms of chi- 

ral invariant operators that preserve the QCD symme- 
tries On what follows we will refer only to 
spin-0 correlators. Hadrons with higher spins complicate 
the argumentation since one may find that there are no 
0{p'^) resonance operators, as it happens with the spin-1 
fields in the Proca formalism 22l |. 

At leading order, W[J] is provided by the LO action 
^□^[^J:', J], with the classical meson fields that de- 



pend implicitly on the external sources J. Actually, the 
LO analysis showed that the Green-functions are deter- 
mined by the operators of lowest chiral order: 0{p'^) for 
the scalar correlator |20l|. O iv^^ for the vector correlator 
in the Proca formalism [22|... 

Following the derivation of the NLO amplitude in the 
note, the one-loop generating functional shows the struc- 
ture 

W[J] = 5LO[<f>^',J]+5iLO[<i>^',J] 



Jdx'Oc.in'^J] + [...], (29) 



where [...] stands for an irrelevant constant and opera- 
tors that do not enter in the calculation of n(s) or chi- 
rally related amplitudes Mu - The term Sl'~'[^f, J] is the 
one-loop contribution to the generating functional com- 
ing from the integration of the quadratic fluctuations of 
$fc in the action 5^0[$fc, J] around ^\2^. The lo- 
cal terms Oc^ do not contain resonance fields and only 
depend on external sources and Goldstone fields tt^'. 

Although we have implicitly considered n-subtracted 
dispersion relations all along the paper, let us suppose 
that the n(s) accept unsubtracted dispersion relations. 
It is then possible to write the decomposition. 



5[ 



LO 



(30) 



El 



dx'' a, [tt^', J] 



where S-^ [<I>^ , J] generates the absorptive contribution 
An(s) and the UV divergent terms Z?^^. These 

are renormalized by the 0{p^) resonance operators in 
S'q'-'[$^', J]. The polynomial divergences of n(s) are con- 
tained in the constants Fj^. Putting the contributions 
So^M'iJ] and S'{^°[$^', J] together with the n(s) con- 



straint c, 



W[J] 



—^Y sets the one-loop functional. 



=;LOr 



(31) 



We have written here Sq , J] since only the 0{p^) op- 
erators in Sq'^I^I^, J] are relevant for n(s) at tree- level. 
Hence, the replacement W[J] — > W[J] leaves unchanged 
the part of the generating functional under study. This 
operation is understood in the sense of removing any op- 
erator in W[J] of order higher than (contributing to 



n(s) or A^n). This removes the local terms Oc 



that produce the polynomial contributions in correlator. 
The separation of the Fj*" is not arbitrary since these 
are the only local operators in 5}"° [$^' , J] of order or 
higher. This means that any local contribution Cj or Fj^ 
appearing in the generating functional in the am- 

plitudes n(s) or in related processes Mn can be directly 
truncated and removed from the computation at the very 
beginning. 
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After the transformation into VF[J], one reaches a func- 
tional that generates the two-point Green-functions and 
is renormahzable; a NLO shift of the parameters in the 
O(p^) LO action 'S^'^[^l' , J] is enough to absorb the UV 

divergences of the one-loop contribution s\'~'[^l^, J]. 

Although this argumentation only considers 
spin-0 correlators and assumes unsubtracted dispersion 
relations, it provides an interesting insight. The local 
terms Fj^, generated by the one-point Fcynman integrals 
Aq{A'P), may depend on the realization of the hadronic 
lagrangian [20,0, [3] ■ However, this arbitrariness is not 
reflected in the physical amplitudes, which are uniquely 
determined in terms of the two-meson absorptive contri- 
butions Imn(t)^^^^ and the resonance couplings and 
masses MJl. Likewise, it is important to recall that on the 
contrary to what happens in momentum space, the QCD 
correlators are finite in configuration space and no prob- 
lem of definition should arise in the large-iVc amplitudes. 
For instance, large-A^c QCD holographic models do not 
find problems on handling the infinite tower of states in 
the five-dimensional configuration space but the infinite 
summations of Kaluza-Klein modes in momentum space 
may eventually become ill-defined [2^ . Further investi- 
gations along these lines are relegated to future works. 

Conclusions 

The present note demonstrates that the moments 
(s) are determined in QCD at NLO in 1 /Nc by the 
operators in S'q [^k , J] , which give the two-meson ab- 
sorptive contributions Imn(t)^^^^ and the renormalized 
couplings and MJl. These two quantities provide the 
residues Zk of the QCD matrix element and the position 
of the poles at NLO in perturbation theory. Moreover, it 
is shown that the full correlator n(s) is actually deter- 
mined by the same parameters as (s) together with 
one renormalization condition n(so) in the case of diver- 
gent QCD correlators. 

In a general effective field theory, the NLO amplitude 
is determined by new NLO terms in the action. This 
analysis suggests that a large- A^c resonance QFT should 
not be regarded as an effective theory. In the case of 
two-point Green-functions, it rather resembles a "renor- 
mahzable theory" up operators CjOc [tt, J] containing at 
most Goldstone fields and external sources. The local 
couplings Cj eventually cancel the one-loop terms Fj^ and 
become irrelevant for the amplitude, which can be com- 
puted even if their value remains unknown. Hence, they 
can be dropped from the calculation at the very begin- 
ning. 
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